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for n > 3.
Meanwhile, some weighted version of sum formulas are also
obtained.
© 2011 Elsevier Inc. All rights reserved.
1. Introduction
The multiple zeta sums






2 · · ·nskk
are also called Euler–Zagier sums, which have attracted considerable interest in recent times. The
study of such sums is not only important to general zeta function theory, but also touches upon such
* Corresponding author.
E-mail addresses: huanchenszyan@yahoo.com.cn (Z. Shen), caitianxin@hotmail.com (T. Cai).
1 Research of the author supported by Educational Commission of Zhejiang Province of China, Project Y200803340 and
Foundation of Zhejiang International Study University, Project 09Z08.
2 Research of the author supported by the National Natural Science Foundation of China, Project 10871169.0022-314X/$ – see front matter © 2011 Elsevier Inc. All rights reserved.
doi:10.1016/j.jnt.2011.06.011
Z. Shen, T. Cai / Journal of Number Theory 132 (2012) 314–323 315domains as arithmetic geometry, Galois representations, invariants for knots, quantum groups, etc.
In [3], H. Gangl, M. Kaneko and D. Zagier proved the following results,
n−1∑
m=1
ζ(2m,2n − 2m) = 3
4
ζ(2n), for n > 1, (1)
n−1∑
m=1
ζ(2m + 1,2n − 2m − 1) = 1
4
ζ(2n), for n > 1. (2)
Recently, Takashi Nakamura [6] gave a new proof of (1). In this paper, we consider the sums in three
and four variables, by using harmonic shuﬄe relations, we prove the following theorems.






















2iζ(i,n − i) = (n + 1)ζ(n), n 2,
and applied it to study multiple zeta star values. One year later, Guo and Xie [5] generalized the
weight Euler sum formula of Ohno and Zudilin to higher dimensions. For positive integers k  2 and













ζ(s1, . . . , sk) = nζ(n),
where Si = s1 + · · · + si for i = 1, . . . ,k − 1.
In this paper, we prove the following weighted version of sum formula.
Theorem 3. For n > 1, we have
2n−1∑
a=2
(−1)aζ(a,2n − a) = 1
2
ζ(2n). (3)





(−1)a + (−1)b + (−1)c]ζ(a,b, c) = 3
2
ζ(2n) − ζ(2)ζ(2n − 2). (4)
2. Preliminaries
Throughout this paper, let a, b, c, d be positive integers, Bk is the kth Bernoulli number.
Lemma 1. (See Nakamura [6].) For n > 1, we have
n−1∑
m=1
ζ(2m)ζ(2n − 2m) = 2n + 1
2
ζ(2n).




ζ(a1,a2, . . . ,ak) = ζ(n).








B2aB2bB2c = (2n + 1)(n + 1)B2n + n(2n − 1)2 B2n−2. (5)






























(Take k =m = 1 in [1, Theorem 4.4].)
Lemma 5. For n > 1, we have
n−1∑
m=1
m(n −m)ζ(2m,2n − 2m) = n
16
ζ(2n) + 2n − 3
4
ζ(2)ζ(2n − 2).









































Using the well-known formula of Euler,
ζ(2n) = (2π)
2nB2n(−1)n+1













(2m − 1)!(2n − 2m − 1)!
2(2m)!ζ(2m)(−1)m+1
(2π)2m





(2n − 2)!(2m)(2n − 2m)(−1)n
(2π)2n




B2n−2 − 2n + 1
6








From (7) to (9) and (11), (12), we obtain
n−1∑
m=1
(2m)(2n − 2m)ζ(2m)ζ(2n − 2m) = π
2(2n − 3)
3
ζ(2n − 2) + n(2n − 1)(2n + 1)
6
ζ(2n). (13)
By the harmonic shuﬄe relation, we ﬁnd that
ζ(2m)ζ(2n − 2m) = ζ(2m,2n − 2m) + ζ(2n − 2m,2m) + ζ(2n). (14)
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π2(2n − 3)
3










Combining (13) and (15) and noting that ζ(2) = π26 , we prove Lemma 5. 
3. Proofs of the theorems
















































ζ(2n − 2). (18)




































(n − a − 1)(ζ(2a,2n − 2a) + ζ(2n − 2a,2a)). (20)
Using the shift from a to n − a, (20) is equal to
n−1∑
a=1
(a − 1)(ζ(2n − 2a,2a) + ζ(2a,2n − 2a)), (21)




ζ(2a,2n − 2a) = 3(n − 2)
4
ζ(2n). (22)




ζ(2n) = (n − 1)(n − 2)
2
ζ(2n). (23)










Noting that ζ(2) = π26 , this completes the proof of Theorem 1. 










































+ 2(2n − 2)!4n
2(2n − 1)(−1)n
3(2π)2n−2
ζ(2n − 2). (25)









ζ(2n − 2). (26)















ζ(2a + 2b,2c,2d) + ζ(2a + 2b,2d,2c) + ζ(2c,2a + 2b,2d)










ζ(2a + 2b + 2c,2d)








ζ(2n) = (n − 1)(n − 2)(n − 3)
6
ζ(2n). (28)
Now we consider the three sums in the middle of (27), respectively. Firstly, from (1) and Lemma 5,
we have

















(n − d − 1)(n − d − 2)
2
(
ζ(2n − 2d,2d) + ζ(2d,2n − 2d))











+ ζ(2d,2n − 2d))− n−1∑
d=1
d(n − d)ζ(2n − 2d,2d)
= (n − 1)(n − 2)3
4






ζ(2n − 2d,2d) + ζ(2d,2n − 2d))
− n
16
ζ(2n) − 2n − 3
4
ζ(2)ζ(2n − 2). (29)
Similarly as (20), we can treat
∑n−1
d=1 d(ζ(2n−2d,2d)+ζ(2d,2n−2d)), it is equal to 3n4 ζ(2n), therefore,
(29) is equal to
6n2 − 19n + 24
16
ζ(2n) − 2n − 3
4
ζ(2)ζ(2n − 2). (30)


























ζ(2n) + (2n − 3)
4





ζ(2n) + 2n − 3
4
ζ(2)ζ(2n − 2). (31)
For the third sum, using harmonic shuﬄe relation, we have
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= {ζ(2a + 2b,2c,2d) + ζ(2a + 2b,2d,2c) + ζ(2c,2a + 2b,2d) + ζ(2d,2a + 2b,2c)
+ ζ(2c,2d,2a + 2b) + ζ(2d,2c,2a + 2b)}+ {ζ(2a + 2b + 2c,2d)
+ ζ(2d,2a + 2b + 2c) + ζ(2a + 2b + 2d,2c) + ζ(2c,2a + 2b + 2d)}. (32)
The second part on the right of (32) could be treated as the ﬁrst sum of (29). By harmonic shuﬄe




























(m − 1)ζ(2m)ζ(2n − 2m) − 3
2





(n −m − 1)ζ(2n − 2m)ζ(2m) − 3
2
(n − 2)ζ(2)ζ(2n − 2)




(n − 2)ζ(2)ζ(2n − 2). (33)





ζ(2a + 2b,2c,2d) + ζ(2a + 2b,2d,2c) + ζ(2c,2a + 2b,2d)
+ ζ(2d,2a + 2b,2c) + ζ(2c,2d,2a + 2b) + ζ(2d,2c,2a + 2b))
= 5n − 15
4
ζ(2n) − n − 3
2
ζ(2)ζ(2n − 2). (34)
Combining from (26) to (31), (34) and noting that ζ(2) = π26 , we complete the proof of Theorem 2. 
Proof of Theorem 3. Note that
2n−1∑
a=2
(−1)aζ(a,2n − a) =
n−1∑
i=1
ζ(2i,2n − 2i) −
n−1∑
i=1
ζ(2i + 1,2n − 2i − 1).
Then (3) follows from (1) and (2). Meanwhile,



















ζ(2i,2 j − 1,2k − 1). (35)





ζ(2i + 1,2 j − 1,2k) + ζ(2i + 1,2 j,2k − 1))+ ∑
i+ j+k=n+1
i, j,k1





ζ(2)ζ(2n − 2). (36)
Combining (35), (36) and Theorem 1, we complete the proof of Theorem 3. 





(−1)a + (−1)b + (−1)c + (−1)d]ζ(a,b, c,d).
But it will be much more complicated.
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